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We compute -in the saddle point approximation- the par- 
tition function for the 2-1-1 black hole using the Gibbons- 
Hawking approach. Some issues concerning the definition of 
thermodynamical ensembles are clarified. It is pointed out 
that the right action in covariant form is exactly equal to the 
Chern-Simons action with no added boundary terms. This 
action is finite, yields the right canonical free energy and has 
an extremum when the temperature and angular velocity are 
fixed. The correspondence with a OFT is indicated. 



I. INTRODUCTION 

In the standard approach to covariant Euclidean quan- 
tum gravity one considers the functional integral 



with 



Z[h] 
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(2) 



dM 



and hij is the 3-metric induced on dM. The bound- 
ary term is added to the action to ensure that / has an 
extremum when h is fixed; the partition function thus 
depends on the 3-metric h, and the measure Dg denotes 
the sum, modulo diffeomorphisms, over all metrics with 
hij fixed. Despite the unrenormalizible divergences ap- 
pearing in the perturbation expansion of this functional 
integral, the formal expression has provided interest- 
ing insights to quantum gravity The idea is that 
although cannot be computed for higher loops, its 
saddle point approximation around some classical solu- 
tions does give reasonable, and indeed correct, results. 
The first example of a successful evaluation of (|l|) was 
performed by Gibbons and Hawking [Q who considered 
an Euclidean Schwarzschild black hole of mass M with 
metric 



2M 

I- — ] dr'+r'dn\ (3) 
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An important property of this metric is that, in order to 
avoid a conical singularity in the plane r/t, the coordinate 
t must be periodically identified with period 



f3 = SttM. 



(4) 



In other words, demanding to be a smooth solution 
of Einstein equations fixes the period of Euclidean time 
t as in (^. One expects /3 to be related to the inverse 
temperature of the black hole. Indeed, the value (prop- 
erly regularized, see below) of Z in the saddle point (||) 
is 



m 



(5) 



The thermodynamical formula for the average energy 
M = —d\ogZ/dp reproduces (|^) and confirms that (3 
is the inverse temperature of the black hole. This result 
has two important consequences: (i) it shows that the 
formal expression (0) does contain relevant and correct 
information about quantum gravity, (ii) the black hole 
thermal properties are present in a pure quantum theory 
of gravity, and not only in the interaction of a classical 
background metric with quantized fields. 

In the evaluation of / on the black hole manifold (H) 
there is a divergence which is canceled by subtracting 
the value of K for M = Q. The goal of this note is to 
clarify some issues concerning the regularization proce- 
dure and it consequences in the definition of ensembles, 
in three dimensions. In particular, we shall exhibit a co- 
variant form for the regularized action which does not 
seems to exist in four dimensions. Other approaches for 
this problem have been studied in ||^. A recent review 
about three dimensional black hole statistical mechanics 
and thermodynamics can be found in Q. 

The evaluation of expressions like (|^) on a saddle point 
has become crucial in the recently conjectured adS/CFT 
correspondence Q. This conjecture has been reinter- 
preted in [^,^ in terms of generating functions and in 
this formulation the evaluation of the action on clas- 
sical solutions is a key element. Furthermore, it has been 
pointed out |^ that the infinities appearing in the evalu- 
ation of / represent expected anomalies from the point of 
view of the boundary conformal field theory. It is thus an 
important point to understand clearly where the infini- 
ties come from. The particular case of three dimensional 
supergravity is also important because the related con- 
formal field theory is 2 dimensional. 



1 



II. ENSEMBLES AND THE HAMILTONIAN 
APPROACH 

Let us study in some detail the evaluation of / on the 
saddle point (||). First, note that we have expressed the 
value of Z in terms of /? rather than M which is the 'natu- 
ral' parameter of the Schwarzschild metric. The relevant 
question here is, why have we assumed that the value 
of Z on the saddle point is associated to a canoni- 
cal ensemble? Of course one could argue that it has the 
right value for a canonical partition function. There is, 
however, a better reason: In the action principle (|2|), the 
metrics (|^) provide an extremum only if /3, the Euclidean 
time period, is fixed. Then, by definition, the ensemble 
is canonical^ and it is correct to express Z in terms of 
/3. The consistency between the variational principle and 
the actual value of Z is automatic if one works in the 
Hamiltonian formalism (see below) and probably this is 
why most people do not worry about this issue. How- 
ever, in the Lagrangian formulation there is a non-trivial 
regularization in the calculation of / (the boundary term 
in has to be regularized by subtracting its value for 
the zero mass black hole) and therefore this consistency 
cannot be taken for granted. 

In the Hamiltonian approach to quantum gravity the 
appropriate action principle for metrics approaching (|^) 



^xdt 



+f3M- 



AG 



(6) 



where tt*-' is the momentum conjugate to the spatial met- 
ric gij, Ti. and Tii are the generators of normal and tan- 
gential deformations respectively and N, their asso- 
ciated Lagrange multipliers. The boundary term /3M is 
added to cancel a boundary term (at infinity) equal to 
—pSM coming from an integration by parts in the bulk. 
Thus, the variation of (^) is well defined at infinity pro- 
vided f3 is fixed which means that the relevant ensemble 
is the canonical one. 

The second term is located at the horizon (see, for ex- 
ample, [0-^). A boundary term at the horizon can be 



^We say that the ensemble is canonical when the temper- 
ature is fixed and microcanonical when the energy is fixed. 
We shall follow here the most common approach assuming 
asymptotic fiatness or an anti-de Sitter behavior. In both 
cases, the concept energy -as a conserved quantity associated 
to asymptotic time translations- can be defined. We also de- 
fine the inverse temperature l3 as the period of the Euclidean 
time coordinate used to define the energy. In asymptotically 
fiat spacetimes this coordinate coincides with proper time, but 
this is not the case for asymptotically anti-de Sitter spaces. 



expected in the Hamiltonian formalism because the time 
coordinate is degenerate there. Indeed, the Killing vector 
field dt has a fixed point at the horizon and thus the fo- 
liation becomes degenerate at that point. One way to fix 
this problem |^ is to separate the action into two pieces. 
One can use the covariant action (|^) on a small disk of 
radius r = e around the horizon and, for r > e, we use the 
Hamiltonian action. As we let e go to zero, one discov- 
ers that the value of the covariant action approaches the 
value A/AG, rather than zero. This can be understood 
in terms of the Gauss-Bonnet theorem In the limit 
e ^ 0, the covariant action becomes proportional to the 
Euler number for a disk times the area of the horizon (A) , 
which is different from zero. Since the Euler number is a 
topological invariant, it does not change as we let e ^ 0. 
In the limit one finds a contribution to the action equal 
to A /AG Now we study the variation of the action 
(^) at the horizon. The boundary term coming from the 
variation of the bulk is exactly equal to S{A/AG) and is 
canceled by the boundary term. The action principle is 
thus well defined. 

To evaluate the action (^) on the saddle point (^) we 
note that since the metric is static and it satisfies the con- 
straints one is left only with the boundary terms. They 
clearly provide the right form for the free energy of the 
black hole. Expresing M and A = Anr"^ in terms of 
(3 one finds / — 0^/1Qtt, as expected. The Hamilto- 
nian approach to quantum black holes has been applied 
to a large number of situations, even with Lovelock La- 
grangians It is a generic feature of this approach 

that the entropy comes from a boundary term at the hori- 
zon while infinity contributes with the term —f3M, plus 
other potentials if more charges are present. 

At this point we can make a precise comparison be- 
tween the Lagrangian and Hamiltonian approaches. In 
the Lagrangian formalism, all boundary terms are lo- 
cated at infinity and it is not necessary to give any sort 
of boundary conditions at the horizon. However, to de- 
fine the value of the action on the saddle point (||), a 
non trivial regularization is needed In the Hamilto- 
nian approach, there are both boundary terms at infinity 
and at the horizon, but the action is finite on the saddle 
point. Finally, the definition of ensembles and its consis- 
tency with the value on the saddle point is direct in the 
Hamiltonian formulation. In the Lagrangian formalism 
this needs to be checked explicitly. 



HI. THE THREE DIMENSIONAL CASE. 
LAGRANGIAN APPROACH 

In this section we shall study the quantum 2+1 black 
hole in the Lagrangian formalism and show explicitly the 
consistency between the value of the regularized action 
and the ensemble. In the next section, we shall introduce 
a covariant form for the regularized action. The thermo- 
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dynamics of anti-de Sitter space in 3+1 dimensions was 
first studied in Jill . 

The Euclidean three dimensional black hole solution 
with angular momentum is p2[ 



ds"^ = /3^N^dt^ + N-^dr^ + r^{l3Nfdt + dLpf (7) 



with 



2 

N = M 

12 4^2 
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(8) 
(9) 



The ranges are < i < 1 (note that we have introduced 
a parameter (3 in the metric equal to the Euclidean time 
period), r+ < r < oo, where is the larger solution of 
N'^ = 0, and < f < 27r. The parameters M and J are 
the mass and angular momentum respectively, while f2 
the Euclidean angular velocity. 

We start with the Euclidean action for 2+1 gravity 
with a negative cosmological constant 
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(10) 



where we have chosen 8G = 1. (One can easily check 
that, as in four dimensions ||ll[, the regularized boundary 
term 2 J [K — Kq) is zero for anti-de Sitter spacetimes.) 

As a first step we evaluate this action on the saddle 
point (^ and find 



T 2/3.2 2^ 



(11) 



where Too is the value of r at infinity. Of course, we need 
to regularize this expression. Note that the calculation of 
/o is direct because the black hole has constant negative 
curvature equal to i? = —6/1^. 

A natural regularization for (|Tl| ) is to subtract the 
value of Jq on the vacuum black hole obtained from (Q) 
by setting M — J = VL = 0. In this limit the metric 
becomes 



ds' 



P^r^dt'' + ^ + r^d(p 



dr^ 



(12) 



with the ranges 0<<<l,0<r<oo and < ip < 2-k. 
Note that (3 is no longer constrained to any particular 
value. However, in the subtraction procedure [Q, we take 
the metric ( p^ with (3 equal to the value of the non-zero 
mass black hole. The value of (|l^) on the vacuum metric 
is —2(3r'^/P and thus the regularized action becomes. 



(13) 



and its value on the black hole is Ireg ~ — 2/3r^/^^. 

Now we need to determine whether this value for / 
corresponds to a canonical, microcanonical or a mixed 



ensemble. In other words, we don't know whether to ex- 
press the value of / in terms of the intensive or extensive 
parameters. This information is provided by the varia- 
tions of the action. 

The general variation of ( p^ has the form 

SIq ~ / {eom)y/gd^x 
Jb 

1 



27r 



dB 



I VfjM9^^9''^-9'"'9^nSg^^..d^x. (14) 
^'^ Job 

Since we are interested in the variations of the regularized 
action (p^, we add the subtraction term — 2/3r^//^ and 
evaluate all boundary terms in the black hole metric (|^). 
Keeping all variations (5M, 5J, 6(3 and 6il, one finds for 
the variation of ( p^ ) 



SIreg = [e.o.m.] - J(5(/317) - /3SM 



(15) 



where [e.o.m.] represents the term proportional to the 
equations of motion. We see that the variation of ( p^ ) 
is finite. However, ( p3| ) does not represent any of the 
standard ensembles because it has well defined variations 
under M and (3n, fixed. 

This is easily fixed. Consider 



Ir Ir 



(3M. 



(16) 



This action has well defined variations for /3 and fixed, 
and its value on the saddle point is f3{M + flJ) — A/ AG, 
as expected for a canonical ensemble (we have restored 
G). As usual, the microcanonical action can be obtained 
by subtracting I3{M + VlJ). 



IV. THE 2+1 BLACK HOLE CANONICAL 
COVARIANT ACTION 

We have found in the last section a Lagrangian ac- 
tion, /c, whose value on the saddle point is consistent 
with its variations. The action 1^ is, however, not covari- 
ant. We shall now show that Ic is exactly equal to the 
Chern-Simons action for three dimensional gravity, with 
no added boundary terms. 

First, let us look at the relation between the extrinsic 
curvature and the boundary terms that we have calcu- 
lated. It is direct to check that 



27r idB ^ 



/3 -M + 



2vl 



(17) 



The right hand side contains exactly the two terms that 



we have added to (10) in order to make it finite, see 
( p3| ) , and to have well defined variations on the canonical 
ensemble, see (ITf 
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Thus, we arrive at the resuh that we can write a co- 
variant formula for the canonical regularized action, 



Ztt 



2 



VhK 



(18) 



where the boundary term provides both, the regulariza- 
tion of the bulk (with the right value on the saddle point) 
as well as the right variation. The action ( |l8| ) is finite, it 
has well defined variations for (3 and fixed, and its sad- 
dle point value is consistent with the canonical ensemble. 
In this sense (^8|) is as good as the Hamiltonian action. 
However, it should be noted that ( [T8| ) does not have any 
added boundary terms at the horizon. 

A quick comparison between (18) and (^ reveals a 
disturbing missing factor of 2 in the boundary term. This 
means that the action (|l^) is not appropriate to fix the 
metric at the boundary but rather, a combination of the 
metric and its derivatives. This is not too surprising. It 
only means that there isn't a one to one correspondence 
between fixing the metric or its derivatives with fixing 
the intensive or extensive parameters. 

The surprising fact is that there is a direct geometri- 



cal interpretation for the fields which are fixed in (18) 



They correspond to the SL{2, C) gauge field arising in 
the Chern-Simons formulation of Euclidean three dimen- 
sional adS gravity. It is known that in three dimensions 
Euclidean gravity with a negative cosmological constant 
can be recast as a Chern-Simons theory [ |l3|Jl4[| for the 
group SL{2, C). The Einstein-Hilbert and Chern-Simons 
actions differ by a boundary term which is exactly the one 
appearing in (|l8|). 

This can be seen as follows. Let us consider the 
Einstcin-Hilbcrt action in the first order formulation 



V5 i?+72 = 



^abc 



(19) 



In this action, the triad e"^ appears with no derivatives. 
Then, when computing the variations one picks up a 
boundary term Eabc^'^Sw'"^ which means that we need to 
fix the spin connection, or in metric language, a function 
of the metric and its derivatives. If one wants to have 
an action in which only the metric needs to be fixed, one 
can make an integral by parts and pass the derivative to 
the triad. The necessary boundary term is J eafccw"^ Ae^, 
and it is equal to 2 / ^/hK, as expected. 

However, a more interesting modification of (|l^) oc- 
curs if one removes one half of the above boundary term: 
(1/2) / tabcw"'^ A e'^ (which is the term that has been 
added in (|l8|)). In this case, both the triad and the spin 
connection have derivatives, and the action reduces ex- 
actly to the well known Chern-Simons form 



Ic = iI[A] - iI[A] 

with A" = {l/2)t\^w^'' + ie''/l, A = 
k = -1/4G and 



be 



(20) 



/[A] = A J Tr{AdA+^A' 



(21) 



This action has well defined variations if one fixes the 
values of one component of the gauge field at the bound- 
ary. In the Euclidean black hole topology -a solid torus- 
the most convenient boundary conditions are simply IT^ ] 
Ag = and Az = 0. Indeed, the black hole field satisfies 
these conditions and they yield a Kac-Moody symmetry 
lying at the boundary. 

It is instructive to check that the on-shell value of 
( pO| ) does yield the right canonical free energy. Since 
the black hole has zero curvature dA + AA = 0, the in- 
tegral to be computed is, as in instantons calculations, 
— (1/3) / A^. The formulae for the black hole gauge field 
A in Schwarzschild coordinates can be found, for exam- 
ple, in [ p5[ . However, if one naively replaces A in the 
above integral it yields zero. The reason is that the 
Schwarzschild coordinates are singular at the horizon. 
Another coordinate system are the Kruskal coordinates 
which are regular at the horizon but singular at infin- 
ity. To compute the value of / one then needs to split 
the integral into two patches. The calculation is fur- 
ther complicated by the fact that the Chern-Simons ac- 
tion is not gauge invariant - it transforms by a boundary 
term. Thus, one has to make sure to use the same gauge 
(one consistent with the boundary conditions) in the two 
patches. 

Fortunately, there is a quicker way to arrive at the right 
result by using angular quantization. Since the black 
hole field does not depend on (p, and the vector field 
dip is well defined in the whole solid torus, it is useful 
to use this coordinate as time, and make a Hamiltonian 
decomposition for the Chern-Simons action. One obtains 
(taking one copy) 



47r 



e'^-A^^^A^ + A^F^j)+ I ^^^^ 



AoAp] (22) 



with a;' — {t,r}. The only boundary of the solid torus 
is at the torus at infinity ^ The on-shell value of ( |2^ ) 
is easy to compute because the black hole field satisfies 
the constraint Fij = and it does not depend on ip. The 
only contribution is then the boundary term which can 
be computed using Schwarzschild coordinates. Collecting 
both copies of the Chern-Simons action and using the 
formulae for A given in H one finds h = -(3{M + VlJ), 
which thanks to the three dimensional Smarr formula 



I3{M + nj) = -/3(M + ^IJ) + S 



(23) 



^Note that, just as in the metric formulation, if one does 
a time Hamiltonian decomposition, there is also a boundary 
term at the horizon because the vector field dt is not well 
defined there. The resulting action has been considered in 
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yields the right free energy. Note that in time quantiza- 
tion the value of the action is equal to the right hand 
side of ( p3| ) with the term /?(M + flJ) coming from the 
boundary term at infinity, while S comes from the hori- 
zon. In angular quantization there is a single boundary 



term at infinity whose value is the left hand side of (23) 



We have shown that the right action for studying the 
properties of a quantum black hole is the Chern-Simons 
action without any added boundary terms. It would 
be very interesting to see whether this property is car- 
ried over to higher odd dimensional spacetimes where a 
Chern-Simons formulation for gravity as well as black 
hole solutions exist. 

Finally, let us comment on the meaning of our re- 
sults in the light of the adS/CFT correspondence [||. 
In the form displayed in 1^,^, the partition function of 
the three dimensional supergravity theory, as a function 
of the boundary conformal structure h, should be equal 
to the partition function of the 1+1 CFT, 



(24) 



If the 1-1-1 CFT theory has zero central charge, then 
ZcFT depends only on the conformal structure. If c ^ 0, 
then ZcFT depends also on the conformal factor. In the 
conformal gauge, ZcFxih) gives rise to a Liouville action 
for the conformal factor with a coupling constant equal 
to the central charge. Now we look at the left hand side 
of ( p^ ) . In view of the results obtained in , which are 
derived using the same boundary conditions that we have 
used (see also Q for a supersymmetric extension), we 
find that, indeed, Zsugra is given by a Liouville action. 
The central charge of the supergravity theory is known 
to be c = 31 /2G and that fixes the central charge of 
the corresponding CFT. This provides another example 
where a classical property of the supergravity theory (the 
central charge in this case) has a quantum origin in the 
corresponding CFT. An intriguing consequence of this 
correspondence is the fact that the number of states in 
the CFT with this central charge give rise exactly to the 
three dimensional black hole entropy |^ . In this context, 
our formulation in terms of a single boundary at infinity 
may shed some light on this interesting subject. 

Recently , the three dimensional adS central charge 
has been derived using the regularization method out- 
lined in In this procedure, the central charge is as- 
sociated with the infinities appearing in the classical su- 
pergravity action since the corresponding counterterms 
break conformal invariance. In our approach, conformal 
invariance is broken by the constraints on the SL{2, 3?) 
currents {A-^ = 1 and A"^ = 0) which transmute the affine 
SL{2, 3?) algebra into a Virasoro algebra with c — 6k [E3| . 
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